Interaction of molecules with light may lead to electronic transitions and simultaneous vibrational excitations. Franck-Condon factors (FCFs) play an important role in quantifying the intensities of such vibronic transitions occurring during molecular photo-excitations. In this article, we describe a general method for estimating FCFs using a quantum information processor. The method involves the application of a translation operator followed by the measurement of certain projections. We also illustrate the method by experimentally estimating FCFs with the help of a three-qubit NMR quantum information processor. We describe two methods for the measurement of projections -(i) using diagonal tomography and (ii) using Moussa protocol. The experimental results agree fairly well with the theory.
I. INTRODUCTION
Electronic transitions in molecules are often associated with transitions in vibrational levels, and such combined transitions are known as vibronic transitions [1] . In a vibronic transition, the displacements of the nuclei, owing to their higher masses, occur at a much slower pace than the electronic rearrangements. This phenomenon is contained in the Franck-Condon principle, which states that the transition probability between two vibronic levels depends on the overlap between the respective vibrational wavefunctions [2] . Thus, in a vibronic transition, the intensities of the absorption or emission spectra are dictated by Franck-Condon factors (FCFs) which are the squared magnitudes of the overlaps of vibrational wavefunctions. Estimating FCFs is an important task in understanding absorption and fluorescence spectra and related phenomena such as photo-induced dissociations [3] .
In this work, we estimate FCFs using a three-qubit Nuclear Magnetic Resonance (NMR) quantum processor [4, 5] . Long coherence times and precise control on spindynamics make NMR systems ideal testbeds for studying various aspects of quantum information and quantum physics [6] . For example, probability distributions of a particle in various potentials has recently been studied using a five-qubit NMR processor [7] . We describe an elegant method based on the iterative application of a translation operator to achieve an arbitrarily high spatial resolution of probability distributions.
Here we estimate FCFs corresponding to a pair of harmonic oscillators as a function of their relative displacements. An important step in this method is the measurement of certain projection operators. In this article we illustrate two different approaches for the measurement, * mahesh.ts@iiserpune.ac.in namely (i) diagonal density matrix tomography and (ii) Moussa protocol.
In the following section we briefly describe the theory of FCFs and their estimation. The experimental results are described in section III and we conclude in section IV.
II. THEORY A. Franck-Condon factors
In most of the vibronic transitions a molecule undergoes a transition from one electronic state to another, arXiv:1405.2400v1 [quant-ph] 10 May 2014 both of which are described by smooth potential energy surfaces consisting of vibrational levels [2] . For low-lying vibrational levels, the potential energy surfaces along each vibrational degree of freedom can be approximated by simple harmonic potentials. Considering one vibrational degree of freedom, we model the electronic ground and excited vibrational levels as eigenstates of two harmonic potentials, V 1 and V 2 respectively ( Figure  1 ). For simplicity, we choose the potentials V 1 = x 2 /2 and V 2 = (x − b) 2 /2 + ∆E, which are identical up to an overall displacement b in position and/or in energy ∆E. Further, we have used unit mass and unit angular frequency, and therefore the kinetic energies p 2 /2 will also be identical. Denoting a = (x + ip)/ √ 2 and a † = (x − ip)/ √ 2 respectively as the annihilation and creation operators, we choose the eigenstates {|n } of the number operator N = a † a as our computational basis [8] . Thus the vibrational Hamiltonians for the two electronic states are
= a † a + 1/2 and,
where the reduced Planck's constant is set to unity. A general vibronic excitation constitutes a transition from a vibrational level |m of the electronic ground state to a vibrational level |n of the electronic excited state. For each vibronic transition |m → |n , Franck-Condon principle assigns the probability,
where
are known as FCFs [2] . Here ψ m (x) and ψ n (x, b) are the position wave-functions corresponding to the states |m and |n respectively. Since we have chosen identical potentials with unit angular frequencies and unit masses, FCFs depend only on the displacement b. The separation in energy ∆E only shifts the eigenvalue corresponding to |n and does not affect the FCFs, and hence ∆E is set to zero. Theoretical FCFs corresponding to lowest four levels of harmonic potentials V 1 and V 2 are tabulated below.
B. Estimation of FCFs
Estimation of FCF, f m,n , is equivalent to measurement of expectation value of the projection P m = |m m| after preparing the system in excited state |n since,
FCFs can also be obtained, as described in the next section, by extracting the diagonal elements of the density matrix after preparing the state |n n |. Quantum simulation of a single harmonic potential has earlier been carried out by Cory and co-workers [9] . Here the vibrational levels of the electronic ground state are encoded onto the spin states such that |0 = |000 , |1 = |001 , |2 = |010 , |3 = |011 , and so on. Thus the preparation of vibrational level |n of the electronic ground state is equivalent to preparing a specific spin state and can be achieved by standard methods as explained in the next section.
The preparation of excited state |n can be achieved by first initializing the system in the corresponding state |n of the electronic ground state and translating it in position from origin (x = 0) to the point x = b. This translation can be achieved by the unitary operator
Discrete translations up to b 0 ≥ 0 can be achieved by repetitively applying the operator
k , where k ≤ N are nonnegative integers. In the following we describe two experimental techniques to measure FCFs, one based on direct measurement of projection operators using diagonal density matrix tomography and the other based on Moussa protocol.
III. EXPERIMENTS
We have chosen the three spin-1/2
19 F nuclei of iodotrifluoroethylene (C 2 F 3 I) dissolved in acetone-D 6 as our three-qubit NMR quantum processor. All the experiments are carried out on a 500 MHz Bruker NMR spectrometer at an ambient temperature of 300 K. The molecular structure and the Hamiltonian parameters of this system are given in Figure 2 . In the following we describe two experimental methods for estimating FCFs.
A. Using diagonal density matrix tomography
The three-spin system C 2 F 3 I provides us with a 3-qubit quantum register which can be used to encode the lowest eight levels of a harmonic oscillator. To determine all FCFs corresponding to the lowest four levels, we carry out a set of four experiments each with a different initial state ρ ini = |n n| ∈ {|000 , |001 , |010 , |011 } encoding a particular vibrational level of the electronic ground state. As is customary in NMR quantum information studies, each pure state is mimicked by preparing a corresponding pseudopure state which in turn is prepared by standard methods [10, 11] .
As explained earlier, FCF f m,n (b 0 k/N ) = ρ m = m|ρ |m is a diagonal element of the translated state
In our experiments we have used b 0 = 3, N = 11, and integer k ∈ [0, 11]. The complete translation operator was realized using amplitude and phase modulated radio frequency pulses. These pulses were designed via GRadient Ascent Pulse Engineering (GRAPE) technique [12] and had average Hilbert-Schmidt fidelities above 0.99 over a spatial RF inhomogeneity in the range 90% to 110% of the nominal field.
The diagonal density matrix tomography involves destroying all the off-diagonal elements of ρ using a pulsedfield-gradient (PFG) followed by linear detection using a small flip-angle (6 degree) y-pulse. The detection pulse mixes the diagonal elements ρ m into observable coherences which appear as various resolved transitions in the NMR signal. The real part r j of jth transition normalized w.r.t. the reference (corresponding to equilibrium density matrix followed by the linear detection) constitutes a linear combination r j = m M j,m ρ m , where the coefficients M j,m form a 13 × 8 dimensional constraint matrix [11] . The diagonal elements ρ m can be extracted by solving the overdetermined set of linear equations [11] .
The experimental values of all FCFs as a function of b for the lowest four levels of a pair of Harmonic oscillator are shown by circles in Fig. 3 . The theoretical curves corresponding to infinite-level harmonic oscillators, are also shown for comparison. Since the FCFs are symmetric w.r.t. the exchange of subscripts, it can be noted that f m,n = f n,m . While there is a good agreement between the theoretical and experimental data, the errors are mainly due to imperfections in preparation of pseudopure states, imperfections in implementing the translation operators, and decoherence. The filled circles in Fig. 3 correspond to the overlap between the wavefunctions beyond the classical turning points, i.e., b ≥ 2 for f 0,0 and b ≥ 1 + √ 3 for f 0,1 . Thus the non-zero values of FCFs at these points provide a direct way of experimental observation of quantum tunnelling.
B. Using Moussa protocol
As described in eqn. 4, estimating FCFs is equivalent to measurement of certain projections. An existing method, known as Moussa protocol [13] , achieves the measurement of any unitary observable with the help of an ancilla qubit. The circuit implementation of Moussa protocol is illustrated in Figure 4a . It involves an ancilla qubit initialized in state |+ and the system is initialized in any desired state ρ. In order to measure the expectation value of a unitary observable S, we need to apply the operator on the system controlled by ancilla as shown in Figure 4a . Then we obtain S by directly measuring σ x operator on the ancilla [13] , i.e.,
Here we extend this protocol to extract expectation values of a projection operator which can then be used to measure any general observable.
Let P be a projection operator, with P n = P , for any positive integer n. Consider a unitary operator S = exp(iP θ) with a chosen angle θ. Consider the circuit shown in Figure 4b . It can be shown that the expectations of ancilla are related to the S by [11] σ x an = S + S † ρ /2, and iσ y an = S − S † ρ /2, so that σ x an + i σ y an = S ρ = e iP θ ρ = 1 + P ρ (e iθ − 1), and hence
Taking θ = π, we obtain P ρ = (1 − σ x an )/2.
In our experiments, we have selected F 1 qubit (see Figure 2) as the ancilla and the other two qubits for representing the lowest four levels of the Harmonic oscillator. As explained in the previous section, we first prepare the system in one of the four levels of the electronic ground state and translate it in position towards the corresponding excited state. Instead of initializing the system into a single level, we utilize the 'Pair Of Pseudopure States' (POPS) method [14] which prepares the system into a traceless pseudopure mixture of two levels ρ j,k = |j j| − |k k|, where j, k( = j) ∈ {00, 01, 10, 11} [11] . After applying the translation operator, we obtain the corresponding excited states ρ j,k = |j j | − |k k |. In our experiments, we have selected the projection operator P 00 = |00 00| as our observable. This way, we determine the overlap between the level |00 of the electronic ground state with |n (b) of the electronic excited state, and obtain the FCFs f 00,k .
The complete circuit with initialization and extended Experimental FCFs (circles) correspoding to 4-level harmonic oscillators (encoded by two qubits) versus the displacement b obtained using Moussa protocol. The simulated FCFs (dotted lines) for the 4-level system and analytical FCFs (smooth lines) for infinite-level system (Table I) Figure 4c . Here the first qubit is the ancilla and the other two qubits form the system. We first applied the translation operator U T (b 0 k/N ) after preparing the initial state |+ +| ⊗ ρ jk . In these experiments b 0 was set to 4 and N to 11. Again, the complete translation operator was realized using amplitude and phase modulated radio frequency pulses having fidelities over 0.995. Then the operator exp(iP 00 π) on the system qubits controlled by the ancilla qubit was applied. The GRAPE pulse of this operator had an average fidelity of 0.989 over the similar RF inhomogeneity range. Finally the real part of the ancilla signal that is proportional to σ x an is measured by integrating the ancilla transitions. Thus after each preparation ρ j,k we can extract the difference of FCFs ∆f j,k = f 00,j − f 00,k . In order to determine all individual FCFs of the form f 00,k , we perform four different experiments and measure ∆f 00,01 , ∆f 00,10 , ∆f 01,11 , and ∆f 10, 11 , and solve the four linear equations with the help of an additional constraint given by the normalization condition j f 00,j = F . The deviation between the finite and infinite FCFs is due to the effect of truncation in the basis-set, and can be minimized by increasing the number of system qubits [11] .
Moussa protocol is shown in
If one has the prior information on the normalization condition F , it is possible to get better agreement with the infinite case. This is illustrated in Figures 
IV. CONCLUSIONS
We formulated a general procedure for estimating Franck-Condon Factors (FCFs) in a quantum information processor. First we noted that an excited state can be prepared by spatially translating the corresponding ground state. Secondly, we observed that estimation of FCFs is equivalent to the measurement of certain projection operators on a set of qubits encoding the excited state of the system. We described two techniques of extracting the expectation values: one based on diagonal tomography and the other using an extended Moussa protocol. We illustrated both of these techniques using a three qubit NMR quantum simulator and compared the results with the simulated curves for finite and infinite level systems. We demonstrated that even with only three/two qubits encoding the system, the FCFs corresponding to the lowest four/two levels still matched fairly well with the infinite-level theory. In general, if we have an arbitrary potential for the excited state, then it may still be possible to prepare the final state using adiabatic evolutions.
B. Extracting expectation value of a Hermitian operator compatible with a pure-state
The circuit for this measurement is shown in Figure  3 . Given the Hermitian operator A to be compatible with a pure state ρ, we can simultaneously diagonalize both of these using a similarity transformation U s , i.e.,
s ρU s are diagonal, and therefore A d ρ d = A ρ . As shown above, the complex ancilla signal corresponds to σ x an + i σ y an = e iA d θ ρ d . In the following we prove that e
Since the system is in a pure state, we can write ρ d = |n n| and (ρ d ) ij = δ in δ jn . Now consider,
For k = 1, we have
, which implies, e Hermitian operator compatible with a pure-state: Let the system be in a pure state ρ and A be a Hermitian operator compatible with ρ, i.e., they have a common eigenbasis. We can transform ρ into its eigenbasis using a similarity transformation U s , such that ρ = U s ρ d U † s , A = U s A d U † s , where ρ d and A d are diagonal. Again we can perform the Moussa protocol (Figure 4c ) by applying the unitary S = exp(iA d θ) controlled by ancilla, and we obtain [11] , σ x an + i σ y an = e i A ρ θ .
The expectation A ρ can be extracted by knowing the rotation angle θ.
Numerical simulations on the effect of finite-basis is illustrated in Fig. 6 .
Finally to demonstrate the robustness of these methods, calculated FCFs by adding random numbers (between −η and η) to simulated the NMR intensities (see Fig. 7 ). The average standard deviation |σ of FCFs as a function of noise amplitude η is shown in Figure 7 . It can be observed that |σ < 0.2 for both the methods even at η = 1, indicating the robustness of the methods. 
